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INTRODUCTION
The Book of Change (Yi-Jing, IChing) is one of the most ancient memorials of Chinese science and culture. According to legends it was created some 5000 years ago by Chinese Emperor Fu Xi, a famous explorer of nature of things that exist in the sky and on the earth. According to ancient Chinese chronicles it was him who, having comprehended principles of the being and evolution of things and phenomena, realized that they have a common algorithm. Namely Fu Xi has first applied special Symbols for the algorithm’ presentation, the eight trigrams and the sixty four hexagrams.

Every of the eight trigrams is a Symbol consisting of the three tics that Symbolically presents a group of things and phenomena being united by some the most common attribute. There are the two tics, the integral one and the broken one. All possible triple combinations of these two tics give us eight trigrams (23 = 8).

Combinations of the eight trigrams among themselves by doubling them give the sixty four hexagrams (8 • 8 = 82 = 64). According to ancient Chinese conceptions every one of the sixty four hexagrams presents one of the possible situations, or to be more precise one of the development phases of any being and any thing in this world including animals and humans. These sixty four hexagrams actually form essential contents of The Book of Change.    

Due to such a natural scientific and philosophical content The Book of Change served as a source for all the traditional Chinese culture – agriculture, irrigation, town planning and constructing, fine arts as well as for philosophy, medicine and various psychophysical practices (Qigong, Taiji-Quan, combat arts). Moreover The Book of Change served for several millenniums as a basis for the whole traditional way of life for Chinese people.
In course of its history the Book of Changes has undergone some cardinal transformations. One of its main transformations was carried out by prince Wen-wang, the Founder of ancient Chinese dynasty Zhou. He has provided each of six tics of all sixty four hexagrams with the textual comments. But what is essential, Wen-wang has arranged all hexagrams in the certain sequence, by appropriating each of them serial number. Such sequence of hexagrams has become classical.
During XIX - XX centuries the Book of Changes more and more attracted attention of the various European researchers - historians and linguists, philosophers and occultists as well as mathematicians and physicists. As far as it is known, the first attempt to explore The Book of Change mathematically was undertaken in the XVIII century by German mathematician Leibnitz who has considered the sixty four hexagrams as being an example of a binary notation. Further, a lot of less famous mathematicians and physicists tried to investigate this Book. They have considered it as specially coded laws of macro- and microcosm, namely a model of Universe and even models of elementary particles transformations. 

Getting acquainted with the Book of Changes in February 1994, we have also noted regularity in its structure, which has induced us to undertake serious mathematical research of it. However, by undertaking attempt of such research, we were very quickly convinced that not knowing a principle of Wen-wang’s appropriating hexagrams with their numbers, any research of the Book of Changes’ structure will be senseless, and all the hypotheses put forward will be ungrounded and scientifically incorrect.
Being based on hypotheses of some earlier explorers of the Book of Change we have tried to research this principle by applying method of mathematical analysis including differential and integral calculus, trigonometry, analytical geometry, interpolation and approximation, as well as transformation of one scale of notation to another one. However all our attempts to investigate structure of the Book of Changes in this way have led to a complete and most convincing failure.
Systematic failures in research of the Book of Changes by applying methodology of higher mathematics finally brought us to understanding that the basis of the hexagrams’ numbering shall ground on the very simple arithmetical, or to be precise numerological regularity. Ancient Chinese people, the Founders of the Book of Changes, indeed could not have known methods of modern higher mathematics.  Moreover, those times they could not even have consciously applied a binary notation for explaining trigrams’ structure. Due to atomistic thinking typical for V – III millennium B.C., ancient Chinese people shall have treated each of the eight trigrams as something integral and indivisible.
That is why we have devoted our further investigations of the Book of Changes’ structure to finding out a simple numerological principle according to which the hexagrams are numbered in it. After long researches we have Fund this principle. To present it we have written the book.

Ukraine,

Kiev,

February 2006 

Note for the readers of this digital version of the book. This version is designated for reading in Microsoft Word for the text scale 50 – 60%. If after having downloaded the book out of Internet the book’s format is corrupted and the pictures are not accommodated on one page, readers are asked kindly to correct its position on the page by use Enter or Delete keys (as all the pictures are created as Microsoft Word’s tables).
Phases of numerological analysis of the Book of Change
The Book of Change is known to consist of sixty Four hexagrams. In its turn each of these hexagrams consist of the two trigrams (there are eight trigrams in total). All the hexagrams present the sixty Four possible combinations of the two trigrams out of the eight ones.

Each of the eight trigrams has its traditional number.
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Figure 1. The eight trigrams
Formation of hexagrams out of trigrams is traditionally presented in the Book of Change in form of the table that is given below at Figure 2. Hexagram’s numbering according Wen-wang is shown next to them.
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Figure 2. The sixty four hexagrams 
If we distribute the hexagrams from the table in a sequence according to ascending order of their numbers, we shall see that all of them are broken into pairs. In some of pairs the previous hexagram transforms to the subsequent one by code conversion, that is a replacement within the framework of one position of continuous tick by an interrupted one, and vice versa. In the other pairs the previous hexagram passes to the subsequent one, being overturned.
We can see that the transformation of the previous hexagram to the subsequent one by code conversion occurs in pairs consisting of symmetric hexagrams, i.e. those ones that being overturned transform to themselves. They are the pairs 1-2, 27-28, 29-30 and 61-62. Code conversion has also take place and in some pairs of a symmetrical hexagrams, namely in those, where subsequent overturned hexagram represents an over coded previous one. They are the pairs 11-12, 17-18, 53-54 and 63-64. Hexagrams in these pairs are both mutually over coded and mutually overturned. In the other pairs the previous hexagram passes into subsequent one only by its overturning.
As it was already mentioned above, all attempts to investigate a square formed by sixty four hexagrams presented at Figure 2 (that reminds very much a mathematical matrix to the greater scientific temptation) with a use of higher mathematics methods led both us and other explorers of the numerological structure of the Book of Change to a failure. That is why we went by a principally different way, namely by applying analysis of ancient Chinese numerological concepts on the world’s structure.

In order to consequently and clearly present this way there is a need to make a digression in the field of ancient Chinese cosmogony and numerology.
According to scientific concepts dominated in China at Wen-wang’s epoch, the world’s structure in a deep antiquity, i.e. at prehistory times, was primarily defined by a numerological rule presented below at Figure 3. This world’s structure was referred to as the Former Sky in ancient Chinese science. It reflected a primary harmony, which, according to ancient Chinese philosophical sights, existed in primeval world.
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Figure 3. The Former Sky
We see that the Former Sky represented a model, in which elements of the universe, namely eight trigrams are broken to Four pairs, in each of which two mutually over coded trigrams are presented. Number 5 serves as binding element among them. As the whole the Former Sky consists of Four branches, and each of them consists of Four pairs of mutually over coded trigrams. All these branches are also connected among themselves through central figure 5.
Based on this model of the universe it goes that ancient Chinese people believed that the space in the prehistory times was initially four-dimensional.

Let us mention that in the scheme of the Former Sky the trigrams have certain numbers.

However these numbers differ a little from those appropriated to the trigrams in traditional variant of the Book of Changes. If the first Four trigrams have the same numbers as in traditional numbering, numbers of the following Four ones are increased by a unity. And it happens because between the two tetrads of trigrams a new element appears – the five-figure.
Let us put the eight trigrams under this new numbering with figure five included in their sequence.
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Figure 4. The nine elements of the Former Sky
If we broke this sequence per pairs consisting of the two mutually over coded trigrams then each of such pairs’ numbers of trigrams when summed up give number 10. And the given sequence of trigrams represents nothing other but a magic square of Luo-shu (literally “the drawing from the river Luo”), consisting of nine elements. According to the legend, Fu Xi has seen this drawing on shell of a turtle, climbed out of the river Luo to a coast. Let us draw this square adding in cells with numbers appropriate trigrams.
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Figure 5. Luo-shu-9

A magic property of the square is that the summation of all its elements’ numbers in diagonal, horizontal and vertical lines always gives number 15. Thus, as we can see the trigrams numbering according to Luo-shu-9 principle displays exclusively their qualitative and numerological mutual relation.

As a matter of fact Luo-shu is not limited to the only nine cells variant. There is Luo-shu of eighty one cells (9 • 9 = 92), as well as more complex Luo-shu squares (for example, 81 • 81, 243 • 243 and other even more complicated ones). Thus, Luo-shu is a square-law system divisible by three. So Luo-shu -9 represents a square 3 • 3 = 32 = 9; Luo-shu -81 – square 9 • 9 = 92 = 34 = 81; Luo-shu-6561 (that is a square 81 • 81) – 812 = 94 = 38 = 6561. A characteristic feature of every Luo-shu is that the sum of all its elements’ numbers over horizontals, verticals and diagonals always equals to the same number. The sum makes 15, 369 and 265761 for Luo-shu squares -9, -81 and –6561 respectively.
And now let us try to use a principle of hexagrams formation out of trigrams given at Figure 2 to a new numerological sequence of trigrams with central element five. We shall receive a square formed of eighty one hexagrams. Some of them are pseudo hexagrams containing five-figure instead of one of trigrams.
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The number printed in Italics is the hexagram’s number according to classic Wen-wang’s sequence.
Figure 6-1. Eighty one hexagrams including those with five-figure.
Let us arrange these eighty one hexagrams consistently in the same way, as they are positioned in the Wen-wang’s sequence. While doing it we shall number them anew taking into account that the sixteen new pseudo hexagrams and the new element consisted of two five-figures occur.
But then a question arises; which positions of the hexagrams’ sequence these new elements containing five-figure have to be placed at?
Taking into account that five-figure takes a central position and in particular that the five is a centre of code conversion (that follows from the scheme of the Former Sky and Luo-shu-9), we have assumed, that these elements should be positioned in pairs between the hexagrams in mutually over coded pairs. Indeed, there are eight mutually over coded pairs, and there are eight pairs of pseudo hexagrams (an element consisting of the two five-figures is not taken into consideration for the time being).
Here it is necessary to recall that the classical Book of Changes traditionally consists of two parts. According to ancient Chinese philosophical concepts the first one named The Heavenly, displays, «heavenly» formation of things and phenomena. And the second part called The Terrestrial, displays «terrestrial» realisation of these things and phenomena. The first part of The Book of Change consists of thirty hexagrams and the second part contains the following thirty Four hexagrams. Such an asymmetry between the first and the second parts of the Book of Changes sharply arrests one’s attention. However, the first and second parts of the Book of Changes become symmetric when to add the pseudo hexagrams obtained; both parts containing forty elements. At that the first part is added with ten pseudo hexagrams and the second part with the six pseudo hexagrams. The operation done looks rather pertinent and logical if to recall that according to ancient Chinese numerological concepts 10 is a number of Sky and 6 is a number of the Earth.
An element consisting of the two five-figures we consider appropriate to put in between the first and the second parts of The Book of Change appointing it number 41. After such transformations the hexagrams’ sequence in the Book of Changes gets harmony and uniformity - it is broken into two symmetric parts consisting of forty elements (i.e. hexagrams and pseudo hexagrams), and the central forty first element in between them.
When we included seventeen new figures in traditional hexagrams’ sequence new numbers were assigned to the hexagrams with taking into consideration that now a number of the following hexagram in the mutually over coded pairs increases by 2. So, the hexagram No.2 of the pair 1-2 will have not No.2 but No.4, and hexagram No.12 of the pair 11-12 will have now No.16. Numbers of hexagrams in mutually over turned pairs increases by 2 as well after each mutually over coded pair. So, the hexagram No.9 gains No.11, hexagram No.26 becomes No.32 and so on. The last hexagrams of the sequence No.63 and No.64 gain No.80 and No.81 consequently (considering included central forty first element).

After above mentioned transformations of hexagrams’ numbers there is still some ambiguity - which pseudo hexagrams should be incorporated in pairs, and which numbers shall be assigned to them?
Let us try to solve the problem by a try and error method. Pseudo hexagrams consisting of lower trigram and upper five-figure to be positioned in between symmetric mutually over coded hexagrams, i.e. inside pairs 1-2, 27-28, 29-30 and 61-62 (according Wen-wang’s numbering). The pseudo hexagrams consisting of lower five-figure and upper trigram to be put among non-symmetrical mutually over coded hexagrams, i.e. inside pairs 11-12, 17-18, 53-54 and 63-64. At that let us assign them appropriate numbers (see the 81 elements obtained along with new numbering on Figure 6-2). A correctness of this our operation will be proven below.
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The upper number is a hexagram’s number obtained when adding new elements with five-figure to the Wen-wang’s sequence;

The lower number printed in Italics is a hexagram’s number in classical Wen-wang’s sequence.

Figure 6-2. Eighty one hexagrams
The fact, that including elements with five-figure (i.e. pseudo hexagrams) in the sequence an overall amount of the sequence elements becomes equal to 81 suggests an idea that a square consisting of eighty one hexagrams (including sixteen pseudo hexagrams and one element consisting of two five-figures) shall obey to Luo-shu principle, in this particular case to Luo-shu-81.
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Figure 7-1. Luo-shu-81

If we investigate Luo-shu-81, we can see that it consists of the nine Luo-shu-9. These nine magic squares have the same numerological relations as numbers 1 to 9 in Luo-shu. This means that Luo-shu-9 is a first level element in relation to Luo-shu-81 that in its turn is a second level Luo-Shu in relation to the Luo-shu-9. (We shall see further that Luo-shu-6561 is Luo-shu of the second level in relation to Luo-shu-81 and of the third level in relation to Luo-shu-9. Let us represent figure Luo-shu-81 that shows it consisting of nine Luo-shu-9).
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Figure 7-2. Luo-shu-81, consisting of nine Luo-shu-9 with indication of cells indexes.
We can see the cells with numbers 1 to 81 are opposed in Luo-Shu-81 according to a certain principle. To make this principle clear let us assign every number the appropriate index consisting of two numbers from 1 up to 9 written through hyphen.  The first number in the index (let us assign it a Symbol A) is serial number of cell in Luo-shu-9 it is positioned at. The second number (let us assign it a Symbol B) is a serial number of this Luo-shu-9. Thus, for instance cell containing number 6 will have the index 6-1. Cell with number 25 has the index 7-3, with number 48 – the index 3-6, and so on (correspondence of indexes to numbers is shown at Figure 7-2). A principle of mutual cells mutual opposing will be as follows:

Cell X1 with the index A1-B1;

Cell X2 with index A2-B2 opposing to it; 

A1+A2=10, B1+B2=10, X1+X2=82.
According to this principle for instance the 17th cell of Luo-shu-81 (that have index 8-2) will opposite to cell 65 (with index 2-8), and the 30th cell (with index 3-4) will oppose to the 52nd cell (that has index 7-6).

We tried to find such a principle of hexagrams’ numbering according to which hexagrams and pseudo hexagrams substituted to cells Luo-shu-81 with the appropriate numbers opposite to each other like this: the hexagrams forming mutually over coded pairs - on code conversion, and hexagrams forming mutually turned pairs - on over turning. To check whether hexagrams and pseudo hexagrams with assigned sequence numbers from 1 to 81 (as shown at Figure 6-2) would correspond to the given principle we have substituted them into Luo-shu-81. However such substitution has not lead to the result expected.
Meanwhile we have paid attention to the fact that the mutually over coded hexagrams as per Figure 6-2 are located symmetrically in relation to the central 41st element consisting of the two five-figures. Theoretically, if the principle Luo-shu-81 is correct for the hexagrams to the same extent as it is correct for trigrams in Luo-shu-9, these hexagrams should have mutually opposite (according to Luo-shu principle) numbers summing up to number 82.

To check our assumption we have again changed hexagrams’ numbering. We assigned mutually opposite numbers to both hexagrams in each pair (mutually over coded and mutually over turned). Like in the previous numbering transformation we started hexagrams’ readout from the hexagram No.1. Here the hexagram No.4 (No.2 according to Wen-wang) becomes No.81. Accordingly the hexagram (or rather pseudo hexagram) No.2 kept its former number but the hexagram No.3 opposite to it gained No.80. Hexagram No.5 (No.3 according to Wen-wang) gained No.3, the one opposite to it No.6 (No.4 according to Wen-wang) gained No.79. And so on. The last in the sequence hexagrams No.78 and No.81 (No.63 and No.64 according to Wen-wang) became hexagrams No.39 and No.43, and pseudo hexagrams  No.79 and No.80 located in between them gained No.40 and No.42 accordingly. 

Hexagrams and pseudo hexagrams with new numbers are presented at Figure 8-1.
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Figure 8-1. Hexagrams with Luo-shu-81 numbering
Having substituted these hexagrams and pseudo hexagrams according to their numbers in Luo-shu-81 cells we made sure that new numbering (presented at Figure 8-1) corresponds completely to Luo-shu principle. The hexagrams and pseudo hexagrams substituted in this magic square are opposite to each other both by their new numbers (that sum up to 82) and indices and by their mutual opposition in pairs (over coding or over turning). Moreover we can see that they are interrelated according Luo-shu principle not only by over coding or over turning, but also by such mutual transformations as semi over coding or semi over turning (over coding or over turning of upper or lower trigram). All mutual relations between hexagrams and pseudo hexagrams whose traditional numbering is transformed by us to Luo-shu-81 numbering are given below in Tables 1, 2 and 3.
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Figure 8-2. Luo-shu-81 with hexagrams and pseudo hexagrams substituted and their indices indicated)

Table 1. Interrelations between the hexagrams that are transformed to their oppositions by over coding
Transformations of hexagram
Transfor-mations of Luo-shu-81 elements
Transformations of hexagram
Transfor-mations of Luo-shu-81 elements

1 over codes into 81.
1 semi over codes:

per lower trigram – into 75;

per upper trigram – into 7.

1 over turns into 1.

1 semi over turns:
per lower trigram – into 1;

per upper trigram – into 1.
1-1 into 9-9

1-1 into 3-9

1-1 into 7-1

1-1 into 1-1

1-1 into 1-1

1-1 into 1-1
81 over codes into 1.
81 semi over codes:
per lower trigram – into 7;

per upper trigram – into 75.

81 over turns into 81.

81 (9-9) semi over turns:
per lower trigram – into 81;

per upper trigram – into 81.
9-9 into 1-1

9-9 into 7-1

9-9 into 3-9

9-9 into 9-9

9-9 into 9-9

9-9 into 9-9

2 over codes into 80.
2 semi over codes:

per lower trigram – into 80;

per upper trigram – into 80.

2 over turns into 74.

2 semi over turns:
per lower trigram – into 2;

per upper trigram – into 2
2-1 into 8-9

2-1 into 8-9

2-1 into 8-9

2-1 into 2-9

2-1 into 2-1

2-1 into 2-1
80 over codes into 2.
2 semi over codes:
per lower trigram – into 80;

per upper trigram – into 80.

80 over turns into 8.

80 semi over turns:
per lower trigram – into 80;

per upper trigram – into 80
8-9 into 2-1

8-9 into 2-1

8-9 into 2-1

8-9 into 8-1

8-9 into 8-9

8-9 into 8-9

7 over codes into 75.
7 semi over codes:
per lower trigram – into 81;

per upper trigram – into 1.

7 over turns into 75.

7 semi over turns:
per lower trigram – into 7;

per upper trigram – into 7.
7-1 into 3-9

7-1 into 9-9

7-1 into 1-1

7-1 into 3-9

7-1 into 7-1

7-1 into 7-1
75 over codes into 7.
75 semi over codes:
per lower trigram – into 1;

per upper trigram – into 81.

75 over turns into 7.

75 semi over turns:
per lower trigram – into 75;

per upper trigram – into 75.
3-9 into 7-1

3-9 into 1-1

3-9 into 9-9

3-9 into 7-1

3-9 into 3-9

3-9 into 3-9

8 over codes into 74.
8 semi over codes:
per lower trigram – into 8;

per upper trigram – into 74.

8 over turns into 80.

8 semi over turns:
per lower trigram – into 8;

per upper trigram – into 8.
8-1 into 2-9

8-1 into 8-1

8-1 into 2-9

8-1 into 8-9

8-1 into 8-1

8-1 into 8-1
74 over codes into 8.
74 semi over codes:
per lower trigram – into 74;

per upper trigram – into 8.

74 over turns into 2.

74 semi over turns:
per lower trigram – into 74;

per upper trigram – into 74.
2-9 into 8-1

2-9 into 2-9

2-9 into 8-1

2-9 into 2-1

2-9 into 2-9

2-9 into 2-9

11 over codes into 71.
11 semi over codes:
per lower trigram – into 65;

per upper trigram – into 17.

11 over turns into 71.

11 semi over turns:
per lower trigram – into 21;

per upper trigram – into 56.
2-2 into 8-8

2-2 into 2-8

2-2 into 8-2

2-2 into 8-8

2-2 into 3-3

2-2 into 2-7
71 over codes into 11.
71 semi over codes:
per lower trigram – into 17;

per upper trigram – into 65.

71 over turns into 11.

71 semi over turns:
per lower trigram – into 26;

per upper trigram – into 61.
8-8 into 2-2

8-8 into 2-8

8-8 into 8-2

8-8 into 2-2

8-8 into 8-3

8-8 into 7-7

12 over codes into 70.
12 semi over codes:
per lower trigram – into 12;

per upper trigram – into 70.

12 over turns into 18.

12 semi over turns:
per lower trigram – into 12;

per upper trigram – into 49.
3-2 into 7-8

3-2 into 3-2

3-2 into 7-8

3-2 into 9-2

3-2 into 3-2

3-2 into 4-6
70 over codes into 12.
70 semi over codes:
per lower trigram – into 70;

per upper trigram – into 12.

70 over turns into 64.

70 semi over turns:
per lower trigram – into 70;

per upper trigram – into 33.
7-8 into 3-2

7-8 into 7-8

7-8 into 3-2

7-8 into 1-8

7-8 into 7-8

7-8 into 6-4

17 over codes into 65.
17 semi over codes:
per lower trigram – into 71;

per upper trigram – into 11.

17 over turns into 17.

17 semi over turns:
per lower trigram – into 51;

per upper trigram – into 31.
8-2 into 2-8

8-2 into 8-8

8-2 into 2-2

8-2 into 8-2

8-2 into 6-6

8-2 into 4-4
65 over codes into 17.
65 semi over codes:
per lower trigram – into 11;

per upper trigram – into 71.

65 over turns into 65.

65 semi over turns:
per lower trigram – into 47;

per upper trigram – into 35.
2-8 into 8-2

2-8 into 2-2

2-8 into 8-8

2-8 into 2-8

2-8 into 2-6

2-8 into 8-4

18 over codes into 64.
18 semi over codes:
per lower trigram – into 64;

per upper trigram – into 18.

18 over turns into 12.

18 semi over turns:
per lower trigram – into 44;

per upper trigram – into 18.
9-2 into 1-8

9-2 into 1-8

9-2 into 9-2

9-2 into 3-2

9-2 into 8-5

9-2 into 9-2
64 over codes into 18.
64 semi over codes:
per lower trigram – into 18;

per upper trigram – into 64.

64 over turns into 70.

64 semi over turns:
per lower trigram – into 38;

per upper trigram – into 64.
1-8 into 9-2

1-8 into 9-2

1-8 into 1-8

1-8 into 7-8

1-8 into 2-5

1-8 into 1-8

19 over codes into 63.
19 semi over codes:
per lower trigram – into 39;

per upper trigram – into 43.

19 over turns into 19.

19 semi over turns:
per lower trigram – into 19;

per upper trigram – into 19.
1-3 into 9-7

1-3 into 3-5

1-3 into 7-5

1-3 into 1-3

1-3 into 1-3

1-3 into 1-3
63 over codes into 19.
63 semi over codes:
per lower trigram – into 43;

per upper trigram – into 39.

63 over turns into 63.

63 semi over turns:
per lower trigram – into 63;

per upper trigram – into 63.
9-7 into 1-3

9-7 into 7-5

9-7 into 3-5

9-7 into 9-7

9-7 into 9-7

9-7 into 9-7

20 over codes into 62.
20 semi over codes:
per lower trigram – into 62;

per upper trigram – into 20.

20 over turns into 40.

20 semi over turns:
per lower trigram – into 20;

per upper trigram – into 20.
2-3 into 8-7

2-3 into 8-7

2-3 into 2-3

2-3 into 4-5

2-3 into 2-3

2-3 into 2-3
62 over codes into 20.
62 semi over codes:
per lower trigram – into 20;

per upper trigram – into 62.

62 over turns into 42.

62 semi over turns:
per lower trigram – into 62;

per upper trigram – into 62.
8-7 into 2-3

8-7 into 2-3

8-7 into 8-7

8-7 into 6-5

8-7 into 8-7

8-7 into 8-7

32 over codes into 50.
32 semi over codes:
per lower trigram – into 37;

per upper trigram – into 45.

32 over turns into 50.

32 semi over turns:
per lower trigram – into 56;

per upper trigram – into 21.
5-4 into 5-6

5-4 into 1-5

5-4 into 9-5

5-4 into 5-6

5-4 into 2-7

5-4 into 3-3
50 over codes into 32.
50 semi over codes:
per lower trigram – into 45;

per upper trigram – into 37.

50 over turns into 32.

50 semi over turns:
per lower trigram – into 61;

per upper trigram – into 26.
5-6 into 5-4

5-6 into 9-5

5-6 into 1-5

5-6 into 5-4

5-6 into 7-7

5-6 into 8-3

33 over codes into 49.
33 semi over codes:
per lower trigram – into 33;

per upper trigram – into 49.

33 over turns into 38.

33 semi over turns:
per lower trigram – into 33;

per upper trigram – into 70.
6-4 into 4-6

6-4 into 6-4

6-4 into 4-6

6-4 into 2-5

6-4 into 6-4

6-4 into 7-8
49 over codes into 33.
49 semi over codes:
per lower trigram – into 49;

per upper trigram – into 33.

49 over turns into 44.

49 semi over turns:
per lower trigram – into 49;

per upper trigram – into 12.
4-6 into 6-4

4-6 into 4-6

4-6 into 6-4

4-6 into 8-5

4-6 into 4-6

4-6 into 3-2

37 over codes into 45.
37 semi over codes:
per lower trigram – into 32;

per upper trigram – into 50.

37 over turns into 37.

37 semi over turns:
per lower trigram – into 35;

per upper trigram – into 47.
1-5 into 9-5

1-5 into 5-3

1-5 into 5-6

1-5 into 1-5

1-5 into 8-4

1-5 into 2-6
45 over codes into 37.
45 semi over codes:
per lower trigram – into 50;

per upper trigram – into 32.

45 over turns into 45.

45 semi over turns:
per lower trigram – into 31;

per upper trigram – into 51.
9-5 into 1-5

9-5 into 5-6

9-5 into 5-3

9-5 into 9-5

9-5 into 4-4

9-5- into 6-6

38 over codes into 44.
38 semi over codes:
per lower trigram – into 44;

per upper trigram – into 38.

38 over turns into 33.

38 semi over turns:
per lower trigram – into 64;

per upper trigram – into 38.
2-5 into 8-5

2-5 into 8-5

2-5 into 2-5

2-5 into 6-4

2-5 into 1-8

2-5 into 2-5
44 over codes into 38.
44 semi over codes:
per lower trigram – into 38;

per upper trigram – into 44.

44 over turns into 49.

44 semi over turns:
per lower trigram – into 18;

per upper trigram – into 44.
8-5 into 2-5

8-5 into 2-5

8-5 into 8-5

8-5 into 4-6

8-5 into 9-2

8-5 into 8-5

39 over codes into 43.
39 semi over codes:
per lower trigram – into 19;

per upper trigram – into 63.

39 over turns into 43.

39 semi over turns:
per lower trigram – into 39;

per upper trigram – into 39.
3-5 into 7-5

3-5 into 1-3

3-5 into 9-7

3-5 into 7-5

3-5 into 3-5

3-5 into 3-5
43 over codes into 39.
43 semi over codes:
per lower trigram – into 63;

per upper trigram – into 19.

43 over turns into 39.

43 semi over turns:
per lower trigram – into 43;

per upper trigram – into 43.
7-5 into 3-5

7-5 into 9-7

7-5 into 1-3

7-5 into 3-5

7-5 into 7-5

7-5 into 7-5

40 over codes into 42.
40 semi over codes:
per lower trigram – into 40;

per upper trigram – into 42.

40 over turns into 20.

40 semi over turns:
per lower trigram – into 40;

per upper trigram – into 40.
4-5 into 6-5

4-5 into 4-5

4-5 into 6-5

4-5 into 2-3

4-5 into 4-5

4-5 into 4-5
42 over codes into 40.
42 semi over codes:
per lower trigram – into 42;

per upper trigram – into 40.

42 over turns into 62.

42 semi over turns:
per lower trigram – into 42;

per upper trigram – into 42.
6-5 into 4-5

6-5 into 6-5

6-5 into 4-5

6-5 into 8-7

6-5 into 6-5

6-5 into 6-5

Table 2. Interrelations between the hexagrams that are transformed to their oppositions by over turning
Transformations of hexagram
Transfor-mations of Luo-shu-81 elements
Transformations of hexagram
Transfor-mations of Luo-shu-81 elements

3 over codes into 52.

3 semi over codes:
per lower trigram – into 53;

per upper trigram – into 14.

3 over turns into 79.

3 semi over turns:
per lower trigram – into 25;

per upper trigram – into 3.
3-1 into 7-6

3-1 into 8-6

3-1 into 5-2

3-1 into 7-9

3-1 into 7-3

3-1 into 3-1
79 over codes into 30.

79 semi over codes:
per lower trigram – into 68;

per upper trigram – into 29.

79 over turns into 3.

79 semi over turns:
per lower trigram – into 79;

per upper trigram – into 57.
7-9 into 3-4

7-9 into 5-8

7-9 into 2-4

7-9 into 3-1

7-9 into 7-9

7-9 into 3-7

4 over codes into 23.

4 semi over codes:
per lower trigram – into 77;

per upper trigram – into 73.

4 over turns into 78.

4 semi over turns:
per lower trigram – into 4;

per upper trigram – into 4.
4-1 into 5-3

4-1 into 5-9

4-1 into 1-9

4-1 into 6-9

4-1 into 4-1

4-1 into 4-1
78 over codes into 59.

78 semi over codes:
per lower trigram – into 9;

per upper trigram – into 5.

78 over turns into 4.

78 semi over turns:
per lower trigram – into 78;

per upper trigram – into 78.
6-9 into 5-7

6-9 into 9-1

6-9 into 5-1

6-9 into 4-1

6-9 into 6-9

6-9 into 6-9

5 over codes into 9.

5 semi over codes:
per lower trigram – into 59;

per upper trigram – into 78.

5 over turns into 77.

5 semi over turns:
per lower trigram – into 5;

per upper trigram – into 5.
5-1 into 9-1

5-1 into 5-7

5-1 into 6-9

5-1 into 5-9

5-1 into 5-1

5-1 into 5-1
77 over codes into 73.

77 semi over codes:
per lower trigram – into 4;

per upper trigram – into 23.

77 over turns into 5.

77 semi over turns:
per lower trigram – into 77;

per upper trigram – into 77.
5-9 into 1-9

5-9 into 4-1

5-9 into 5-3

5-9 into 5-1

5-9 into 5-9

5-9 into 5-9

6 over codes into 72.

6 semi over codes:
per lower trigram – into 69;

per upper trigram – into 60.

6 over turns into 76.

6 semi over turns:
per lower trigram – into 6;

per upper trigram – into 27.
6-1 into 9-8

6-1 into 6-8

6-1 into 6-7

6-1 into 4-9

6-1 into 6-1

6-1 into 9-3
76 over codes into 10.

76 semi over codes:
per lower trigram – into 22;

per upper trigram – into 13.

76 over turns into 6.

76 semi over turns:
per lower trigram – into 55;

per upper trigram – into 76.
4-9 into 1-2

4-9 into 4-3

4-9 into 4-2

4-9 into 6-1

4-9 into 1-7

4-9 into 4-9

9 over codes into 5.

9 semi over codes:
per lower trigram – into 78;

per upper trigram – into 9.

9 over turns into 73.

9 semi over turns:
per lower trigram – into 9;

per upper trigram – into 9.
9-1 into 5-1

9-1 into 6-9

9-1 into 9-1

9-1 into 1-9

9-1 into 9-1

9-1 into 9-1
73 over codes into 77.

73 semi over codes:
per lower trigram – into 73;

per upper trigram – into 4.

73 over turns into 9.

73 semi over turns:
per lower trigram – into 73;

per upper trigram – into 73.
1-9 into 5-9

1-9 into 1-9

1-9 into 4-1

1-9 into 9-1

1-9 into 1-9

1-9 into 1-9

10 over codes into 76.

10 semi over codes:
per lower trigram – into 13;

per upper trigram – into 22.

10 over turns into72.

10 semi over turns:
per lower trigram – into 67;

per upper trigram – into 10.
1-2 into 4-9

1-2 into 4-2

1-2 into 4-3

1-2 into 9-8

1-2 into 4-8

1-2 into 1-2
72 over codes into 6.

72 semi over codes:
per lower trigram – into 60;

per upper trigram – into 69.

72 over turns into 10.

72 semi over turns:
per lower trigram – into 72;

per upper trigram – into 15.
9-8 into 6-1

9-8 into 6-7

9-8 into 6-8

9-8 into 1-2

9-8 into 9-8

9-8 into 6-2

11 over codes into 71.

11 semi over codes:
per lower trigram – into 65;

per upper trigram – into 17.

11 over turns into 71.

11 semi over turns:
per lower trigram – into 21;

per upper trigram – into 56.
2-2 into 8-8

2-2 into 2-8

2-2 into 8-2

2-2 into 8-8

2-2 into 3-3

2-2 into 2-7
71 over codes into 11.

71 semi over codes:
per lower trigram – into 17;

per upper trigram – into 65.

71 over turns into 11.

71 semi over turns:
per lower trigram – into 26;

per upper trigram – into 61.
8-8 into 2-2

8-8 into 2-8

8-8 into 8-2

8-8 into 2-2

8-8 into 8-3

8-8 into 7-7

13 over codes into 22.

13 semi over codes:
per lower trigram – into 10;

per upper trigram – into 76.

13 over turns into 69.

13 semi over turns:
per lower trigram – into 54;

per upper trigram – into 13.
4-2 into 4-3

4-2 into 1-2

4-2 into 4-9

4-2 into 6-8

4-2 into 9-6

4-2 into 4-2
69 over codes into 60.

69 semi over codes:
per lower trigram – into 6;

per upper trigram – into 72.

69 over turns into 13.

69 semi over turns:
per lower trigram – into 69;

per upper trigram – into 28.
6-8 into 6-7

6-8 into 6-1

6-8 into 9-8

6-8 into 4-2

6-8 into 6-8

6-8 into 1-4

14 over codes into 53.

14 semi over codes:
per lower trigram – into 52;

per upper trigram – into 3.

14 over turns into 68.

14 semi over turns:
per lower trigram – into 48;

per upper trigram – into 14.
5-2 into 8-6

5-2 into 7-6

5-2 into 3-1

5-2 into 5-8

5-2 into 3-6

5-2 into 5-2
68 over codes into 29.

68 semi over codes:
per lower trigram – into 79;

per upper trigram – into 30.

68 over turns into 14.

68 semi over turns:
per lower trigram – into 68;

per upper trigram – into 34.
5-8 into 2-4

5-8 into 7-9

5-8 into 3-4

5-8 into 5-2

5-8 into 5-8

5-8 into 7-4

15 over codes into 27.

15 semi over codes:
per lower trigram – into 66;

per upper trigram – into 28.

15 over turns into 67.

15 semi over turns:
per lower trigram – into 15;

per upper trigram – into 72.
6-2 into 9-3

6-2 into 3-8

6-2 into 1-4

6-2 into 4-8

6-2 into 6-2

6-2 into 9-8
67 over codes into 55.

67 semi over codes:
per lower trigram – into 54;

per upper trigram – into 16.

67 over turns into 15.

67 semi over turns:
per lower trigram – into 10;

per upper trigram – into 67.
4-8 into 1-7

4-8 into 9-6

4-8 into 7-2

4-8 into 6-2

4-8 into 1-2

4-8 into 4-8

16 over codes into 54.

16 semi over codes:
per lower trigram – into 55;

per upper trigram – into 67.

16 over turns into 66.

16 semi over turns:
per lower trigram – into 22;

per upper trigram – into 16.
7-2 into 9-6

7-2 into 1-7

7-2 into 4-8

7-2 into 3-8

7-2 into 4-3

7-2 into 7-2
66 over codes into 28.

66 semi over codes:
per lower trigram – into 15;

per upper trigram – into 27.

66 over turns into 16.

66 semi over turns:
per lower trigram – into 66;

per upper trigram – into 60.
3-8 into 1-4

3-8 into 6-2

3-8 into 9-3

3-8 into 7-2

3-8 into 3-8

3-8 into 6-7

21 over codes into 26.

21 semi over codes:
per lower trigram – into 47;

per upper trigram – into 51.
21 over turns into 61.

21 semi over turns:
per lower trigram – into 11;

per upper trigram – into 32.
3-3 into 8-3

3-3 into 2-6

3-3 into 6-6

3-3 into 7-7

3-3 into 2-2

3-3 into 5-4
61 over codes into 56.

61 semi over codes:
per lower trigram – into 31;

per upper trigram – into 35.

61 over turns into 21.

61 semi over turns:
per lower trigram – into 50;

per upper trigram – into 71.
7-7 into 2-7

7-7 into 4-4

7-7 into 8-4

7-7 into 3-3

7-7 into 5-6

7-7 into 8-8

22 over codes into 13.

22 semi over codes:
per lower trigram – into 76;

per upper trigram – into 10.

22 over turns into 60.

22 semi over turns:
per lower trigram – into 16;

per upper trigram – into 22.
4-3 into 4-2

4-3 into 4-9

4-3 into 1-2

4-3 into 6-7

4-3 into 7-2

4-3 into 4-3
60 over codes into 69.

60 semi over codes:
per lower trigram – into 72;

per upper trigram – into 6.

60 over turns into 22.

60 semi over turns:
per lower trigram – into 60;

per upper trigram – into 66.
6-7 into 6-8

6-7 into 9-8

6-7 into 6-1

6-7 into 4-3

6-7 into 6-7

6-7 into 3-8

23 over codes into 4.

23 semi over codes:
per lower trigram – into 73;

per upper trigram – into 77.

23 over turns into 59.

23 semi over turns:
per lower trigram – into 23;

per upper trigram – into 23.
5-3 into 4-1

5-3 into 1-9

5-3 into 5-9

5-3 into 5-7

5-3 into 5-3

5-3 into 5-3
59 over codes into 78.

59 semi over codes:
per lower trigram – into 5;

per upper trigram – into 9.

59 over turns into 23.

59 semi over turns:
per lower trigram – into 59;

per upper trigram – into 59.
5-7 into 6-9

5-7 into 5-1

5-7 into 9-1

5-7 into 5-3

5-7 into 5-7

5-7 into 5-7

24 over codes into 57.

24 semi over codes:
per lower trigram – into 36;

per upper trigram – into 34.

24 over turns into 58.

24 semi over turns:
per lower trigram – into 24;

per upper trigram – into 30.
6-3 into 3-7

6-3 into 9-4

6-3 into 7-4

6-3 into 4-7

6-3 into 6-3

6-3 into 3-4
58 over codes into 25.

58 semi over codes:
per lower trigram – into 48;

per upper trigram – into 46.

58 over turns into 24.

58 semi over turns:
per lower trigram – into 52;

per upper trigram – into 58.
4-7 into 7-3

4-7 into 3-6

4-7 into 1-6

4-7 into 6-3

4-7 into 7-6

4-7 into 4-7

25 over codes into 58.

25 semi over codes:
per lower trigram – into 46;

per upper trigram – into 48.

25 over turns into 57.

25 semi over turns:
per lower trigram – into 3;

per upper trigram – into 25.
7-3 into 4-7

7-3 into 1-6

7-3 into 3-6

7-3 into 3-7

7-3 into 3-1

7-3 into 7-3
57 over codes into 24.

57 semi over codes:
per lower trigram – into 34;

per upper trigram – into 36.

57 over turns into 25.

57 semi over turns:
per lower trigram – into 57;

per upper trigram – into 79.
3-7 into 6-3

3-7 into 7-4

3-7 into 9-4

3-7 into 7-3

3-7 into 3-7

3-7 into 7-9

26 over codes into 21.

26 semi over codes:
per lower trigram – into 51;

per upper trigram – into 47.

26 over turns into 56.

26 semi over turns:
per lower trigram – into 71;

per upper trigram – into 50.
8-3 into 3-3

8-3 into 6-6

8-3 into 2-6

8-3 into 2-7

8-3 into 8-8

8-3 into 5-6
56 over codes into 61.

56 semi over codes:
per lower trigram – into 35;

per upper trigram – into 31.

56 over turns into 26.

56 semi over turns:
per lower trigram – into 32;

per upper trigram – into 11.
2-7 into 7-7

2-7 into 8-4

2-7 into 4-4

2-7 into 8-3

2-7 into 5-4

2-7 into 2-2

27 over codes into 15.

27 semi over codes:
per lower trigram – into 28;

per upper trigram – into 66.

27 over turns into 55.

27 semi over turns:
per lower trigram – into 27;

per upper trigram – into 6.
9-3 into 6-2

9-3 into 1-4

9-3 into 3-8

9-3 into 1-7

9-3 into 9-3

9-3 into 6-1
55 over codes into 67.

55 semi over codes:
per lower trigram – into 16;

per upper trigram – into 54.

55 over turns into 27.

55 semi over turns:
per lower trigram – into 76;

per upper trigram – into 55.
1-7 into 4-8

1-7 into 7-2

1-7 into 9-6

1-7 into 9-3

1-7 into 4-9

1-7 into 1-7

28 over codes into 66.

28 semi over codes:
per lower trigram – into 27;

per upper trigram – into 15.

28 over turns into 54.

28 semi over turns:
per lower trigram – into 28;

per upper trigram – into 69.
1-4 into 3-8

1-4 into 9-3

1-4 into 6-2

1-4 into 9-6

1-4 into 1-4

1-4 into 6-8
54 over codes into 16.

54 semi over codes:
per lower trigram – into 67;

per upper trigram – into 55.

54 over turns into 28.

54 semi over turns:
per lower trigram – into 13;

per upper trigram – into 54.
9-6 into 7-2

9-6 into 4-8

9-6 into 1-7

9-6 into 1-4

9-6 into 4-2

9-6 into 9-6

29 over codes into 68.

29 semi over codes:
per lower trigram – into 30;

per upper trigram – into 79.

29 over turns into 53.

29 semi over turns:
per lower trigram – into 29;

per upper trigram – into 36.
2-4 into 5-8

2-4 into 3-4

2-4 into 7-9

2-4 into 8-6

2-4 into 2-4

2-4 into 9-4
53 over codes into 14.

53 semi over codes:
per lower trigram – into 3;

per upper trigram – into 52.

53 over turns into 29.

53 semi over turns:
per lower trigram – into 46;

per upper trigram – into 53.
8-6 into 5-2

8-6 into 3-1

8-6 into 7-6

8-6 into 2-4

8-6 into 1-6

8-6 into 8-6

30 over codes into 79.

30 semi over codes:
per lower trigram – into 29;

per upper trigram – into 68.

30 over turns into 52.

30 semi over turns:
per lower trigram – into 30;

per upper trigram – into 24.
3-4 into 7-9

3-4 into 2-4

3-4 into 5-8

3-4 into 7-6

3-4 into 3-4

3-4 into 6-3
52 over codes into 3.

52 semi over codes:
per lower trigram – into 14;

per upper trigram – into 53.

52 over turns into 30.

52 semi over turns:
per lower trigram – into 58;

per upper trigram – into 52.
7-6 into 3-1

7-6 into 5-2

7-6 into 8-6

7-6 into 3-4

7-6 into 4-7

7-6 into 7-6

31 over codes into 35.

31 semi over codes:
per lower trigram – into 61;

per upper trigram – into 56.

31 over turns into 51.

31 semi over turns:
per lower trigram – into 45;

per upper trigram – into 17.
4-4 into 8-4

4-4 into 7-7

4-4 into 2-7

4-4 into 6-6

4-4 into 9-5

4-4 into 8-2
51 over codes into 47.

51 semi over codes:
per lower trigram – into 26;

per upper trigram – into 21.

51 over turns into 31.

51 semi over turns:
per lower trigram – into 17;

per upper trigram – into 45.
6-6 into 2-6

6-6 into 8-3

6-6 into 3-3

6-6 into 4-4

6-6 into 8-2

6-6 into 9-5

32 over codes into 50.

32 semi over codes:
per lower trigram – into 37;

per upper trigram – into 45.

32 over turns into 50.

32 semi over turns:
per lower trigram – into 56;

per upper trigram – into 21.
5-4 into 5-6

5-4 into 1-5

5-4 into 9-5

5-4 into 5-6

5-4 into 2-7

5-4 into 3-3
50 over codes into 32.

50 semi over codes:
per lower trigram – into 45;

per upper trigram – into 37.

50 over turns into 32.

50 semi over turns:
per lower trigram – into 61;

per upper trigram – into 26.
5-6 into 5-4

5-6 into 9-5

5-6 into 1-5

5-6 into 5-4

5-6 into 7-7

5-6 into 8-3

34 over codes into 36.

34 semi over codes:
per lower trigram – into 57;

per upper trigram – into 24.

34 over turns into 48.

34 semi over turns:
per lower trigram – into 34;

per upper trigram – into 68.
7-4 into 9-4

7-4 into 3-7

7-4 into 6-3

7-4 into 3-6

7-4 into 7-4

7-4 into 5-8
48 over codes into 46.

48 semi over codes:
per lower trigram – into 58;

per upper trigram – into 25.

48 over turns into 34.

48 semi over turns:
per lower trigram – into 14;

per upper trigram – into 48.
3-6 into 1-6

3-6 into 4-7

3-6 into 7-3

3-6 into 7-4

3-6 into 5-2

3-6 into 3-6

35 over codes into 31.

35 semi over codes:
per lower trigram – into 56;

per upper trigram – into 61.

35 over turns into 47.

35 semi over turns:
per lower trigram – into 37;

per upper trigram – into 65.
8-4 into 4-4

8-4 into 2-7

8-4 into 7-7

8-4 into 2-6

8-4 into 1-5

8-4 into 2-8
47 over codes into 51.

47 semi over codes:
per lower trigram – into 21;

per upper trigram – into 26.

47 over turns into 35.

47 semi over turns:
per lower trigram – into 65;

per upper trigram – into 37.
2-6 into 6-6

2-6 into 3-3

2-6 into 8-3

2-6 into 8-4

2-6 into 2-8

2-6 into 1-5

36 over codes into 34.

36 semi over codes:
per lower trigram – into 24;

per upper trigram – into 57.

36 over turns into 46.

36 semi over turns:
per lower trigram – into 36;

per upper trigram – into 29.
9-4 into 7-4

9-4 into 6-3

9-4 into 3-7

9-4 into 1-6

9-4 into 9-4

9-4 into 2-4
46 over codes into 48.

46 semi over codes:
per lower trigram – into 25;

per upper trigram – into 58.

46 over turns into 36.

46 semi over turns:
per lower trigram – into 53;

per upper trigram – into 46.
1-6 into 3-6

1-6 into 7-3

1-6 into 4-7

1-6 into 9-4

1-6 into 8-6

1-6 into 1-6

39 over codes into 43.

39 semi over codes:
per lower trigram – into 19;

per upper trigram – into 63.

39 over turns into 43.

39 semi over turns:
per lower trigram – into 39;

per upper trigram – into 39.
3-5 into 7-5

3-5 into 1-3

3-5 into 9-7

3-5 into 7-5

3-5 into 3-5

3-5 into 3-5
43 over codes into 39.

43 semi over codes:
per lower trigram – into 63;

per upper trigram – into 19.

43 over turns into 39.

43 semi over turns:
per lower trigram – into 43;

per upper trigram – into 43.
7-5 into 3-5

7-5 into 9-7

7-5 into 1-3

7-5 into 3-5

7-5 into 7-5

7-5 into 7-5

Table 3. Opposition of hexagrams and pseudo hexagrams in Luo-shu-81

A pair of mutually opposite hexagrams (their traditional numbers according to

Wen-wang are given by Italics in brackets)
Sum these hexa-grams’ numbers
These hexagrams’ indices (No. of position in

Luo-shu-9 – No. of Luo-shu-9)
These hexagrams’ numbers in Luo-shu-9
Sum of positi-ons
Numbers of Luo-shu-9, in which the hexagrams are located
Sum of numbers of

Luo-shu-9

1 – 81     (1 – 2)
82
1-1 – 9-9
1 and 9
10
1 and 9
10

2 – 80     (missed)
82
2-1 – 8-9
2 and 8
10
1 and 9
10

3 – 79     (3 – 4)
82
3-1 – 7-9
3 and 7
10
1 and 9
10

4 – 78     (5 – 6)
82
4-1 – 6-9
4 and 6
10
1 and 9
10

5 – 77     (7 – 8)
82
5-1 – 5-9
5 and 5
10
1 and 9
10

6 – 76     (9 – 10)
82
6-1 – 4-9
6 and 4
10
1 and 9
10

7 – 75     (11 – 12)
82
7-1 – 3-9
7 and 3
10
1 and 9
10

8 – 74     (missed)
82
8-1 – 2-9
8 and 2
10
1 and 9
10

9 – 73     (13 – 14)
82
9-1 – 1-9
9 and 1
10
1 and 9
10

10 – 72   (15 – 16)
82
1-2 – 9-8
1 and 9
10
2 and 8
10

11 – 71   (17 – 18)
82
2-2 – 8-8
2 and 8
10
2 and 8
10

12 – 70   (missed)
82
3-2 – 7-8
3 and 7
10
2 and 8
10

13 – 69   (19 – 20)
82
4-2 – 6-8
4 and 6
10
2 and 8
10

14 – 68   (21 – 22)
82
5-2 – 5-8
5 and 5
10
2 and 8
10

15 – 67   (23 – 24)
82
6-2 – 4-8
6 and 4
10
2 and 8
10

16 – 66   (25 – 26)
82
7-2 – 3-8
7 and 3
10
2 and 8
10

17 – 65   (27 – 28)
82
8-2 – 2-8
8 and 2
10
2 and 8
10

18 – 64   (missed)
82
9-2 – 1-8
9 and 1
10
2 and 8
10

19 – 63   (29 – 30)
82
1-3 – 9-7
1 and 9
10
3 and 7
10

20 – 62   (missed)
82
2-3 – 8-7
2 and 8
10
3 and 7
10

21 – 61   (31 – 32)
82
3-3 – 7-7
3 and 7
10
3 and 7
10

22 – 60   (33 – 34)
82
4-3 – 6-7
4 and 6
10
3 and 7
10

23 – 59   (35 – 36)
82
5-3 – 5-7
5 and 5
10
3 and 7
10

24 – 58   (37 – 38)
82
6-3 – 4-7
6 and 4
10
3 and 7
10

25 – 57   (39 – 40)
82
7-3 – 3-7
7 and 3
10
3 and 7
10

26 – 56   (41 – 42)
82
8-3 – 2-7
8 and 2
10
3 and 7
10

27 – 55   (43 – 44)
82
9-3 – 1-7
9 and 1
10
3 and 7
10

28 – 54   (45 – 46)
82
1-4 – 9-6
1 and 9
10
4 and 6
10

29 – 53   (47 – 48)
82
2-4 – 8-6
2 and 8
10
4 and 6
10

30 – 52   (49 – 50)
82
3-4 – 7-6
3 and 7
10
4 and 6
10

31 – 51   (51 – 52)
82
4-4 – 6-6
4 and 6
10
4 and 6
10

32 – 50   (53 – 54)
82
5-4 – 5-6
5 and 5
10
4 and 6
10

33 – 49   (missed)
82
6-4 – 4-6
6 and 4
10
4 and 6
10

34 – 48   (55 – 56)
82
7-4 – 3-6
7 and 3
10
4 and 6
10

35 – 47   (57 – 58)
82
8-4 – 2-6
8 and 2
10
4 and 6
10

36 – 46   (59 – 60)
82
9-4 – 1-6
9 and 1
10
4 and 6
10

37 – 45   (61 – 62)
82
1-5 – 9-5
1 and 9
10
5 and 5
10

38 – 44   (missed)
82
2-5 – 8-5
2 and 8
10
5 and 5
10

39 – 43   (63 – 64)
82
3-5 – 7-5
3 and 7
10
5 and 5
10

40 – 42   (missed)
82
4-5 – 6-5
4 and 6
10
5 and 5
10

These tables show that hexagrams in The Book of Change are numbered according to rigid principle and they can have just those numbers assigned by Wen-wang almost three thousand years ago. Attempt to change irregularity a sequence number of any of hexagrams would lead to breaking interrelations among the hexagrams. The same effect will be reached if we try to “make tricks” with The Book of Change and change positions of several pairs interconnected by over coding or over turning. That is why we have all reasons to state, that existing traditional hexagrams’ numbering is a principal numerological law of The Book of Change.

***

Substituting 81 elements in Luo-shu-81 confirms a correctness of our method of try and error applied when assigning sequence numbers to pseudo hexagrams. The point is that if we sum up of the given elements having five-figure instead of upper trigram (those located in the central column at Figure 8-1), as well as numbers of the given elements having five-figure instead of lower trigram (those located in the central row at Figure 8-1), then the sum in both cases will be the same, namely 328. When this sum is added with a number 41 (that is a number of the central element consisting of the two five-figures that is common as we can see from Figure 8-1 for both elements with upper five-figure and with lower five-figure) then we obtain number 369. This is a sum that, as it was mentioned above, obtained when summing up numbers in horizontal, vertical and diagonal lines of Luo-shu-81. Thus, we correctly assigned numbers to these elements, i.e. to pseudo hexagrams.

However, to prove an absolute correctness of our numbering hexagrams it is not enough to be only grounded on 81-element hexagrams forming model shown at Figure 6-2.  The point is that if hexagrams have a certain physical and philosophical meaning, but pseudo hexagrams do not. The five-figure that is present in its structure does not mean thing or phenomena like trigrams do. It symbolizes just a center around which the trigrams are grouped and through which they are opposed by their features. That is why a pseudo hexagram looks like debris of a kind whose appearance induces an idea that to be meaningful it shall be somehow added. The location of such debris among mutually over coded hexagrams does not provide for full understanding of over coding mechanism.

To understand sense of pseudo hexagrams and their role in over coding process we shall consider again models of the Former Sky and Luo-shu.

Every branch of the Former Sky scheme as it was shown above presents Luo-shu-9. Combination of the two Luo-shu gives a square containing 81 elements, i.e. a square 9 • 9. As we have previously shown this is Luo-shu-81. We see that Luo-shu-81 presents a combination of the only two out of Four available branches of the Former Sky. This combination does not represent a full picture. It does not reflect to the full extent all the interrelationships existing among all elements of the Former Sky. In the same manner as we applied Luo-shu model for exploring The Book of Changes hexagrams’ numbering we consider appropriate to transform the Former Sky scheme to this magic square. In the same manner as  we transformed one branch of the Former Sky to Luo-shu-9, the two branches (or rather their combination) to Luo-shu-81, let us to recombine elements of all the Four branches to Luo-shu. We will obtain Luo-shu with dimension 9 • 9 • 9 • 9 = 812 = 6561 elements, i.e. Luo-shu-6561.

In which way elementary elements of Luo-shu-9 (i.e. trigrams) will be connected to quadrupled elements of Luo-Shu-6561? By analogue with hexagrams that consist of two trigrams located one over the other we assume that trigrams of obtained quadruple elements (let us call them dodecagram) will be as well located one over another. If hexagrams contained two trigrams, a dodecahedron consists of the Four ones. And as a matter of fact, similarly to a hexagram consisting of the two trigrams, a dodecahedron will consist of the two hexagrams located one over another. All possible variants of dodecagram are presented at Figures given in the attachment.

Obviously, that among all possible 6561 combinations «dodecagram =hexagram+hexagram» there will be 81 pair dodecagram, i.e. dodecagram consisting of the two same hexagrams. They are of most interest for us and are described below.
However, when constructing dodecagram for their substitution to Luo-shu-6561 we applied a graphical method that slightly differs from the graphical method of construction of hexagrams.

When constructing hexagrams the upper trigram is simply positioned over the lower one. This is done as in a way (as shown at Figure 6-2) that considers both horizontal and vertical sides of square are sequences of nine elements shown at Figure 4. When constructing dodecagram one of 81 element sides of square is shown as a mirror image of the other side. This does not matter for dodecagram consisting of different hexagrams but is of great importance for the pair dodecagram. Their structured in a way than the upper hexagram is the turned image of the lower one. If the pair dodecahedron is formed by doubling of symmetrical hexagram then its upper and lower parts are identical. And if a pair dodecahedron is formed by doubling of non-symmetrical hexagram then it is a pair of mutually over turned hexagrams united in one figure.

What does this graphical method give us? First of all it allows showing in dodecagram a principle of non-symmetrical hexagrams opposition that is laid down in a structure of The Book of Change. In the pair non-symmetrical dodecagram there are both initial hexagram and its further opposite form present. Moreover, as we will see further this method gives us a possibility to trace ways of transformation of mutually over coded hexagrams at pair symmetric pseudo dodecagram (i.e. the figures consisting of the two pseudo hexagrams).

As for mutually over coding pairs of symmetrical hexagrams, the elements containing five-figure (i.e. pseudo hexagrams) having been included to Wen-wang sequence are not full scale pairs any more. In fact the sequence numbering given at Figure 6-2 shows pairs of pseudo hexagrams are wedged between them that result in differing of the number of the previous and the next mutually over coding hexagrams by more than unity (that is not the case in pairs of mutually over turning hexagrams). That is why the dodecagram formed by doubling of symmetric hexagrams (i.e. over coding ones) are not the subject for the above mentioned opposition principle by overturning to be reflected for.
Based on the above stated the pair dodecagram formed of non-symmetric hexagrams will have such an appearance (shown as an example of doubling of hexagram No. 17 according to Wen-wang).
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Figure 9-1. Pair dodecagram
Such appearance of dodecagram consisting of twelve tics one over other is somewhat difficult for one’s visual perception. Besides, it is not convenient to enter them in Luo-shu-6561 cells; the Luo-shu becomes too unhandy. To make it more convenient for visual perception let us convert appearance of dodecagram in such a way that upper hexagram is positioned next to lower one being turned by 1800. By that the pair dodecagram became more visual that can be seen at Figure 9-2.
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Figure 9-2. Pair dodecagram in unfolded form

Now let us present in the same way the pair pseudo dodecagram:
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Figure 10-1. Pair pseudo dodecagrams containing five-figure inside it
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Figure 10-2. Pair pseudo dodecagrams containing five-figure outside it
As it goes from Figure 10-1 the five-figures by means of which over coding is implemented are located inside pair symmetric pseudo dodecagram. This reflects the only possible way of symmetric hexagrams’ mutual transformation by their over coding. Pair non-symmetric pseudo dodecagram (Figure 10-2) contain five-figures outside of them. Inside them there are two over turned trigrams. This reflects that mutual transformations of non-symmetric hexagrams are possible by both mutual over turning and mutual over coding (the latter is demonstrated by the five-figures that are present in pseudo dodecagram).

If mutual overturning of non-symmetrical trigrams No.2 Dui, No.4 Zhen, No.6 Xun and No.8 Gen (as we speak on trigrams and not on hexagrams we mention their traditional names to avoid confusion), that are contained inside pair pseudo dodecagram with the five-figures outside them is quite obvious, the same pair pseudo dodecagram that contain symmetric trigrams (those transforming to themselves when over turning) No.1 Qian, No.3 Li, No.7 Kan and No.9 Kun, we consider it necessary to submit a graphical explanation (Figure 11):
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Figure 11. Pair pseudo dodecagrams located in between pair non-symmetrical dodecagrams consisted of symmetric trigrams
This Figure illustrates a mechanism of mutual transformation of pair non-symmetric dodecagram, consisted of symmetric trigrams by both over turning the hexagrams they consist of and over coding of one of dodecagram into another one.

Let us come back to Luo-shu-6561.

The full Luo-shu-6561 with the dodecagram substituted is presented in the attachment. As the integral drawing of the given magic square is too large for the format of either this particular book or for any larger size book, we present it in form of individual Luo-Shu-81 squares that are, as we mentioned above there are Luo-shu of the first level.    

This Luo-shu presents all possible combinations of the Former Sky elements, i.e. all trigrams and the central five-figure. As trigrams symbolise groups of things and phenomena and the hexagrams present stages of their development and situations occurring when developing then we can state that Luo-shu-6561 is the fullest situational field (containing a set of all possible situations) that according to ancient Chinese people beliefs was inherent to harmonious primeval world.

But we are interested rather in numerological aspect of the model than in philosophical one.
Every Luo-shu-81 that is the element of Luo-shu-6561 contains only one pair dodecagram or pseudo dodecagram. Let us give a consideration to indices shown next to their numbers. We shall see that the dodecagram (pseudo dodecagram) is located in the same cell that is occupied in Luo-shu-81 (Figure 8-2) by the hexagram (pseudo hexagram) that is doubled in this dodecagram (pseudo dodecagram). Beside it the number of Luo-shu-81 cell that contains the pair dodecagram is always the same as number of this Luo-shu-81 in Luo-shu-6561.

Numbering of pair dodecagrams in Luo-shu-6561 follows to the formula:

Х = А + 81 • (А-1);

where:

Х – sequential number of pair dodecagram in Luo-shu-6561;

А – number of cell it takes in Luo-shu-81 and sequential number of this Luo-shu-81 in Luo-shu-6561 (this number is in the range between 1 and 81).
Pair dodecagrams and pseudo dodecagrams are the most valuable from point of view of Luo-shu logic’s as they are form central bone of a kind for Luo-shu-6561. They reflect as well a numerological interrelation between Luo-shu-81 and Luo-shu-6561. Let us compare Figure 8-2 and Figure 12 that shows Luo-shu-81 with pair dodecagram.
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Figure 12. Luo-shu-81 with pair dodecagrams
This comparison shows that Luo-shu-81 with hexagrams and Luo-shu-81 with pair dodecagram are completely identical. That is why we can state that Luo-shu-81 is two-dimensional projection of the Former Sky of a kind and it reflects its numerological and most probably situational aspects.
***

After we have considered a connection between hexagrams’ numeration sequence and Luo-shu principle we can explain in which manner Luo-shu-6561 has transformed into square 8 • 8 containing 64 hexagrams. To do it we shall again address to Chinese philosophy and numerology.

According to ancient Chinese cosmogony concepts a universe in ancient times undergone a cosmic catastrophe resulted in original world’s harmony have been destroyed. This catastrophe is called “a transfer from the Former Sky to Subsequent Sky” in Chinese cosmogony. Numerology wise this transfer was expressed in a fact that the five-figure has lost its central position around which original atomistic world creation elements are grouped. The five’s place became empty and it was exchanged by zero. That resulted in disintegration of the Four-dimensional Former Sky in separate branches consisting of eight elements and not of nine ones as it was prior to catastrophe. In this way a sequence of the eight trigrams was formed (as shown at Figure 1).
After such a catastrophe the branches could not any more interrelate among each others through a common center. They could interrelate among each other only when one branch occasionally intersects another one in the space. Besides it not more then two branches could interrelate simultaneously. Harmony and situational certainty inherent to the Former Sky was changed in the Subsequent Sky by disharmony and uncertainty. 
A numerological content of the Subsequent Sky could be presented by the following model:
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Figure 13. The Subsequent Sky
Because the five-figure fallen out of the world structure, initially Luo-shu-6561 and afterwards Luo-shu-81 have collapsed as their elements containing the five-figure have lost their numerological sense (pseudo dodecagram and pseudo hexagrams). Number of Luo-shu-81 elements decreased by seventeen, i.e. just sixty Four hexagrams remained.

Eliminating pseudo hexagrams in the Subsequent Sky is shown at Figure 14:
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The number underneath (printed in Italics) is the hexagram’s number in classic Wen-wang sequence.

Figure 14. Hexagrams of the Subsequent Sky (hexagram’s numbers according Wen-wang sequence are printed in Italics)
Due to falling seventeen elements out of matrix 9 • 9 (81 elements) it “collapsed” to matrix 8 • 8 (64 elements). That is why there are only sixty Four hexagrams in the Book of Change.

When assigning hexagrams with numbers Wen-wang has obviously guided by a main principle of Chinese philosophy: “any thing and any phenomenon transform to its opposition in due course”. That is why he united the hexagrams that have opposite numbers according to Luo-shu principle (as well as hexagrams that have opposite graphical views, i.e. over coded or over turned) in common pairs and then assigned them consequential numbers. Thus he made a judgment absolutely fair from Chinese philosophy point of view that transfer from one situation to another one (that symbolized by a certain hexagram) is possible just after this situation comes through its opposition. That is why hexagrams are situated in pairs in the Book of Change. 
Wen-wang started its numbering hexagrams from the hexagram No.1 that symbolize Sky following ancient Chinese cosmogony principle stating that the sky was first of all.  

When decoding a principle of numeration in the Book of Change we performed in reverse order operations that Wen-wang preformed at his time. Let us enlist them sequentially:

1. Including in hexagrams’ sequence the seventeen elements containing the five-figure (zero) and positioning them among mutually over coding hexagrams.

2. Assigning hexagrams new sequential numbers taking into consideration adding these new seventeen elements (that we named as pseudo hexagrams).

3. Assigning hexagrams and pseudo hexagrams mutually opposite numbers according to Luo-shu principle (starting from hexagram No.1) in the pairs.

4. Substituting hexagrams and pseudo hexagrams with new numbers assigned according to Luo-shu to Luo-shu of 81 cells (Luo-shu-81).

5. Analysing conformity of numbers and graphical views of hexagrams and pseudo hexagrams to elements opposition principle of Luo-shu-81 (that confirmed a validity of the given principle).

Thus we discovered that hexagrams’ numbering in the Book of Change follows Luo-shu-81 magic square principle.
APPENDICES
Luo-shu

81-71
Luo-shu
81-64
Luo-shu
81-69
Luo-shu
81-8
Luo-shu
81-1
Luo-shu
81-6
Luo-shu
81-53
Luo-shu
81-46
Luo-shu
81-51

Luo-shu
81-66
Luo-shu
81-68
Luo-shu
81-70
Luo-shu
81-3
Luo-shu
81-5
Luo-shu
81-7
Luo-shu
81-48
Luo-shu
81-50
Luo-shu
81-52

Luo-shu
81-67
Luo-shu
81-72
Luo-shu
81-65
Luo-shu
81-4
Luo-shu
81-9
Luo-shu
81-2
Luo-shu
81-49
Luo-shu
81-54
Luo-shu
81-47

Luo-shu
81-26
Luo-shu
81-19
Luo-shu
81-24
Luo-shu
81-44
Luo-shu
81-37
Luo-shu
81-42
Luo-shu
81-62
Luo-shu
81-55
Luo-shu
81-60

Luo-shu
81-21
Luo-shu
81-23
Luo-shu
81-25
Luo-shu
81-39
Luo-shu
81-41
Luo-shu
81-43
Luo-shu
81-57
Luo-shu
81-59
Luo-shu
81-61

Luo-shu
81-22
Luo-shu
81-27
Luo-shu
81-20
Luo-shu
81-40
Luo-shu
81-45
Luo-shu
81-38
Luo-shu
81-58
Luo-shu
81-63
Luo-shu
81-56

Luo-shu
81-35
Luo-shu
81-28
Luo-shu
81-33
Luo-shu
81-80
Luo-shu
81-73
Luo-shu
81-78
Luo-shu
81-17
Luo-shu
81-10
Luo-shu
81-15

Luo-shu
81-30
Luo-shu
81-32
Luo-shu
81-34
Luo-shu
81-75
Luo-shu
81-77
Luo-shu
81-79
Luo-shu
81-12
Luo-shu
81-14
Luo-shu
81-16

Luo-shu
81-31
Luo-shu
81-36
Luo-shu
81-29
Luo-shu
81-76
Luo-shu
81-81
Luo-shu
81-74
Luo-shu
81-13
Luo-shu
81-18
Luo-shu
81-11

Figure A-0. Luo-shu-6561 consisted of eighty one Luo-shu-81 (with mentioning indices of each Luo-shu-81).

Note. We considered it sufficient to mention sequential numbers of dodecagrams and pseudo dodecagrams for the first nine Luo-shu-81 (from Luo-shu-81-1 to Luo-shu-81-9) and for the last one (Luo-shu-81-81). As for the other Luo-shu-81 we mentioned only numbers of the first and last dodecagrams and pair dodecagram (pseudo dodecagram). We mentioned indices for all Luo-shu-81 only for pair dodecagrams (pseudo dodecagrams).
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